Physical systems with loss or gain have resonant modes that decay or grow exponentially with time. Whenever two such modes coalesce both in their resonant frequency and their rate of decay or growth, an 'exceptional point' occurs, giving rise to fascinating phenomena that defy our physical intuition [1] [2] [3] [4] [5] [6] . Particularly intriguing behaviour is predicted to appear when an exceptional point is encircled sufficiently slowly 7, 8 , such as a state-flip or the accumulation of a geometric phase 9, 10 . The topological structure of exceptional points has been experimentally explored [11] [12] [13] , but a full dynamical encircling of such a point and the associated breakdown of adiabaticity 14-21 have remained out of reach of measurement. Here we demonstrate that a dynamical encircling of an exceptional point is analogous to the scattering through a two-mode waveguide with suitably designed boundaries and losses. We present experimental results from a corresponding waveguide structure that steers incoming waves around an exceptional point during the transmission process. In this way, mode transitions are induced that transform this device into a robust and asymmetric switch between different waveguide modes. This work will enable the exploration of exceptional point physics in system control and state transfer schemes at the crossroads between fundamental research and practical applications.
Physical systems with loss or gain have resonant modes that decay or grow exponentially with time. Whenever two such modes coalesce both in their resonant frequency and their rate of decay or growth, an 'exceptional point' occurs, giving rise to fascinating phenomena that defy our physical intuition [1] [2] [3] [4] [5] [6] . Particularly intriguing behaviour is predicted to appear when an exceptional point is encircled sufficiently slowly 7, 8 , such as a state-flip or the accumulation of a geometric phase 9, 10 . The topological structure of exceptional points has been experimentally explored [11] [12] [13] , but a full dynamical encircling of such a point and the associated breakdown of adiabaticity [14] [15] [16] [17] [18] [19] [20] [21] have remained out of reach of measurement. Here we demonstrate that a dynamical encircling of an exceptional point is analogous to the scattering through a two-mode waveguide with suitably designed boundaries and losses. We present experimental results from a corresponding waveguide structure that steers incoming waves around an exceptional point during the transmission process. In this way, mode transitions are induced that transform this device into a robust and asymmetric switch between different waveguide modes. This work will enable the exploration of exceptional point physics in system control and state transfer schemes at the crossroads between fundamental research and practical applications.
Exceptional points (EPs), also called non-Hermitian degeneracies or branch points, have turned out to be at the origin of many counterintuitive phenomena appearing in physical systems that experience gain or loss [1] [2] [3] [4] [5] [6] . Such external influences on a system require a nonHermitian description that incorporates non-conservation of energy resulting from an external input or output. Rather than being merely a perturbative correction, gain and loss can entirely turn the behaviour of a system upside down when approaching an EP. Consider here, for example, the recent demonstrations of unidirectional invisibility [22] [23] [24] , loss-induced suppression and revival of lasing [25] [26] [27] , and single-mode lasers with gain and loss 28, 29 or directional output 30 , all of which were realized at or close to an EP. These studies already nicely demonstrate the potential of EPs for novel effects and devices, but the full capability of EPs can be accessed when the EP is not just approached or swept across, but dynamically encircled 7, 8 . Originally, it was believed that a slow encircling of an EP would result in an adiabatic evolution of states and a corresponding state flip 9 , but more recent work has rigorously shown that the same non-Hermitian components necessary for the observation of an EP actually prevent an application of the adiabatic theorem [14] [15] [16] [17] [18] [19] [20] [21] . Instead, non-adiabatic transitions lead to a chiral behaviour, in the sense that encircling an EP in a clockwise or a counter-clockwise direction results in different final states 14, 18, 21 . While this fascinating feature has great potential for quantum control and switching protocols, it has so far defied any experimental realization. This is because to observe the non-adiabatic contributions requires a fully dynamical encircling of the EP that goes beyond the quasi-static experiments reported so far [11] [12] [13] . A dynamically resolved experiment is, however, extremely challenging, because of the precise control required of the two exponentially amplified or damped resonant modes that meet at the EP, which must also be decoupled from all other modes present in a system. Proposals to overcome this problem have meanwhile been put forward, such as to map the dynamical encircling of an EP to the polarization evolution in a stratified non-transparent medium 15 , but the implementation requirements involved prevented an experimental realization for this case too. Here, we overcome such difficulties by demonstrating that waveguides with two transverse modes can be suitably engineered such that the transmission through them is equivalent to a slow dynamical encircling of an EP. In this way we make the recently discussed dynamical features of EPs directly accessible through established waveguide technology as used for the transmission of sound, light, microwaves and matter waves.
An EP arises when an open system described by the Schrödinger-type equation ψ ψ ∂ = i H t features two resonant modes that coalesce. Such a scenario can conveniently be captured by the following non-Hermitian 2 × 2 Hamiltonian:
where g denotes the coupling and δ the detuning; γ 1 and γ 2 are the respective loss rates of the two relevant modes. At the specific parameter configuration δ EP = 0 and
, both the eigenvalues and eigenvectors of this Hamiltonian coalesce, which is the hallmark of the EP. As shown in Fig. 1 , the vicinity of this point exhibits a characteristic structure of a self-intersecting Riemann surface. The EP marks the branch point (at the centre of each panel in Fig. 1a, b) at which the Riemann surface splits. It is this topological structure that allows one to encircle the EP such that the two eigenmodes interchange: for such a state-flip two system parameters need to be continuously changed in time t (for example, the coupling g = g(t) and the detuning δ = δ(t)) along a closed loop in parameter space around the EP. This system evolution is described by the now time-dependent Hamiltonian (1) in the corresponding Schrödinger-type equation
If the system dynamics is fully adiabatic, a flip between the two states is realized upon encircling the EP such that the lower state becomes the upper one (Fig. 1a, left) . As was found only recently 14 , however, contributions due to the breakdown of adiabaticity in non-Hermitian systems always enter dominantly whenever both encircling directions are considered. In the case above, traversing the same parameter loop in the opposite direction thus leads to the situation that the lower state returns to itself rather than to the upper state (Fig. 1b, left) . This enforces an overall asymmetric behaviour such that the state that is selected at the end of a loop depends only on the loop's encircling direction, but not on its starting point-compare Fig. 1a and Fig. 1b for a Letter reSeArCH
counter-clockwise and clockwise encircling, respectively. On a very fundamental level, these features are connected with the Stokes phenomenon of asymptotics 15, 16 as well as with the theory of singular perturbations and stability loss delay 21 -concepts that can be used to determine whether and when the non-adiabatic excursions shown in Fig. 1a , b occur, as well as to estimate their latest possible onset time 21 .
To observe this behaviour in a realistic environment, we now map the Hamiltonian in equation (1) onto the problem of microwave transmission through a smoothly deformed metallic waveguide in the presence of absorption (see Fig. 1c ). The waveguide is extended along the x axis and we restrict the following discussion to a single transverse dimension y. Within this framework, the parametrical encircling of the EP from the 2 × 2 model shown above translates to a slow variation of a periodic boundary modulation along the waveguide. Directly at the EP, both the Bloch wavenumbers K and the Bloch modes Λ of the electric field distribution φ Λ ( )= ( ) x y x y , , e iKx coalesce. More specifically, the harmonic solutions ϕ φ
, e i t for fields oscillating with frequency ω obey the Helmholtz equation:
where Δ is the Laplace operator in two dimensions,
is a complex potential proportional to the dielectric function ε, and c is the speed of light. For a straight rectangular waveguide with a fixed width W in the y direction the solutions of equation (2) 2 . By choosing an appropriate input frequency ω, the transmission problem can naturally be reduced to only two propagating modes n = 1, 2. To implement a controlled coupling between these modes, we consider a waveguide subject to a boundary modulation ξ σ ( )= ( ) x kx sin b , as shown in Fig. 1c . By choosing the boundary wavenumber
, where δ | | k b , near-resonant scattering between the otherwise very different modes φ 1 and φ 2 occurs. The full solution for the propagating field can be written in the form:
Employing a Floquet-Bloch ansatz, we obtain a Schrödinger-type equation for the slowly varying modal amplitudes (1) are determined. However, instead of governing the temporal dynamics (in time), H determines here the mode propagation in the longitudinal direction x. Correspondingly, the requirement of encircling the EP slowly (in time t) is transferred here to a slow variation of the boundary parameters along the propagation direction x (see Fig. 1c ). Quite remarkably, a right and left injection into the waveguide corresponds to a clockwise and counter-clockwise encircling direction of the EP, respectively, yielding a specific and different output mode depending only on the side from which the waves are injected.
First numerical results following this procedure are shown in Fig. 2 , where we rely on a parametrization of the waveguide modulation envelope, σ σ
that is restricted to a finite region ( ∈ ) x L [0, ] and perfectly connects to flat semi-infinite waveguides outside this domain. Deviating from what is shown in Fig. 1 , we also choose the detuning δ to be linear in x, δ δ ρ
, which, together with σ(x) from above, still describes a loop around the EP, since the endpoints of this parameter-trajectory correspond to identical waveguide configurations (see Supplementary Information for details). By implementing these design considerations in a waveguide first with uniform (bulk) loss in the transverse direction, the desired asymmetric switching of modes is, indeed, fully realized, as follows. Either mode entering from the left (Fig. 2a, b) is scattered into the first mode at the right exit lead. In contrast, any mode injected from the right side of the waveguide yields the second mode at the left exit lead (Fig. 2c, d) . On the downside, however, the large overall loss both states have to acquire in order to manifest this asymmetry considerably deteriorates the quality of this switching mechanism. Additionally, the requirement of slow , projected onto their respective Riemann sheets, are shown as black lines: the larger the contribution of an eigenvector, the closer it follows the corresponding eigensheet 21 . a, Dynamics of two states with starting points on different sheets during a counter-clockwise loop around the EP (as seen from the top). b, Same as a for a clockwise loop. In both a and b the end points of the loops depend only on the encircling direction, not on their starting point. c, Schematic of an asymmetric mode-switch that projects the above EP-encircling to a waveguide that strongly attenuates one of its two transverse modes, depending on the injection direction. The parameterspace trajectories describing counter-clockwise and clockwise loops around the EP shown in a and b correspond to the left and right injection, respectively. To overcome both of these obstacles, we devised the following two strategies. First, we designed the absorption in the waveguide to follow a spatial pattern that minimizes (maximizes) the dissipation for the mode featuring the adiabatic (non-adiabatic) transition, while leaving the topology of the loop around the EP intact (see Supplementary Information for details). Remarkably, no matter which spatial profile we choose for the absorber, the reciprocity principle ensures that our design works for both transmission directions equivalently. Second, we employed a combination of quasi-Newton methods with stochastic algorithms to decrease the system length, resulting in a length-to-width ratio reduced by a factor of four as compared to the devices shown in Fig. 2 . In this optimization, we tuned the parameters σ 0 , δ 0 and ρ such as to reduce the waveguide length while making sure that the resulting device still maintains the frequency robustness inherent in our design principle (see Supplementary Fig. 11 for this efficient device geometry and the corresponding numerical results).
To demonstrate its potential for real-world applications, we provide here the first experimental realization of the above protocol, implemented in a surface-modulated microwave setup following the proposed efficient design (Fig. 3a, b) . Measuring the modal transmission intensities T nm from mode n into mode m as a function of the input signal frequency, we unambiguously confirm the asymmetric switching effect (see Fig. 3c ): An arbitrary combination of modes injected from the left side of the waveguide is transmitted into the first mode when arriving at the exit lead on the right (T 11 and T 21 dominate the transmission of the first and second mode, respectively, with transmission intensity ratios / = .
T T 20 6 11 12 and / = . T T 23 0 21 22 ). At the same time, the second mode is produced on the left for injection from the right ( ′ T 12 and ′ T 22 dominate the respective modal transmission, where the primed quantities are those for Supplementary Fig. 10 . e, Plot of the absorption strength, which is gradually switched on and off, but is uniform in the transverse direction. Specifically, for the above waveguide, ω / π = . injection from the right, with ratios / = . ≈ / = . ′ ′ T T T T 463 4 488 6 12 11 21 11 and / = . ≈ / = . ′ ′ T T T T 425 9 438 4 22 21 22 12 ). Note that the slight violation of the reciprocity property ′ T nm = T mn observed in the experiment (see Fig. 3c ) is due to the magnetized absorber material (see details in Methods), which is needed to obtain a sufficiently strong absorption in the corresponding frequency range (without the absorber, the experiment is fully reciprocal). This small non-reciprocity is, however, not essential for the operation of our device, since the respective intensity ratios are approximately the same for both injection directions. Most importantly, the experimental data proves the very strong robustness of these transmission values with respect to variations of the input frequency-a broad-band feature that is a direct consequence of our design principle, which ensures operability also in the presence of small variations of the waveguide parameters. The shortened device for which the length-to-width ratio is now L/W = 25 also vastly outperforms the longer device in Fig. 2 (for which L/W = 100), not only in terms of length-to-width ratio, but also in terms of the output intensity which is here increased by six orders of magnitude.
As an ultimate proof that the functionality of our device hinges on a dynamical EP-encircling, we also fabricated five waveguides, with individual boundary frequencies and amplitudes distributed over the parameter loop around the EP inherent in the chirped waveguide design of Fig. 3 . Concatenating these stroboscopic results allows us to eliminate the dynamics in the loop around the EP, resulting in a parametric EP-encircling for which all non-adiabatic contributions should vanish. Remarkably, our results for this case (see Supplementary  Fig. 9 ) fully reproduce the symmetric state flips that were observed in all previous experiments [11] [12] [13] where such a parametric EP-encircling was implemented.
In summary, our work constitutes the first experimental encircling of an exceptional point that stays faithful to the full dynamical and non-adiabatic behaviour occurring in this context. In this way, we have devised a notably platform-independent approach to mode switching that is implementable not just for microwaves, but readily applicable also to light, acoustic or matter waves. An accompanying paper also reports on a dynamical EP-encircling in an optomechanical setup 31 .
Online Content Methods, along with any additional Extended Data display items and Source Data, are available in the online version of the paper; references unique to these sections appear only in the online paper. 2 , respectively. We choose the real part of the potential ( ) V x y , to be finite (infinite) inside (outside) the cavity, corresponding to Dirichlet boundary conditions, and the imaginary part of the potential is determined such as to satisfy the protocol described in the main text. Experimental setup. The experimental device is an aluminium waveguide with dimensions L × W × H = 2.38 m × 5 cm × 8 mm. Figure 3a shows the surface modulation that steers the modes around the EP. Our microwave experiment allows us to define the corresponding boundary conditions very accurately and to place the magnetized absorbing foam material (LS-10211 foam from ARC Technologies, W × H = 2.5 mm × 5 mm) with sub-wavelength (< 0.5 mm) precision. Additional absorbers (LS-14 and LS-16 foams from Emerson and Cuming, W × L = 5 cm × 17.5 cm) are employed to mimic semi-infinite leads. Microwave measurements. To probe the sinusoidal modes formed by the z component of the electric field E z (ref. 33), we use two microwave antennas 1.5 m apart. The antennas are fixed onto motor-controlled, moveable slides and measure the complex transmission signal outside of the modulated surface area at 2 × 2 points along the y axis of the antennas. For the measurements we employ microwaves with a frequency around ν = 7.8 GHz, which is well below the cutoff frequency for TE 0 modes (ν c = c/2H = 18.75 GHz), such that only the first two sinusoidal TE 0 modes contribute to the transport. By applying the twofold sine transformation: Here, ( ) t y y , 1 2 describes the transmission amplitude and 〈 〉 r a 1 (〈 〉 r a 2 ) denotes the measured reflection amplitude at antenna 1 (antenna 2), averaged over all positions y 1 (y 2 ) and over a frequency window of 0.076 GHz. The measured reflection amplitudes are dominated by an imperfect impedance matching between the antenna and the channel. This results in a strong reflection signal originating from the antenna itself, which contains no information about the waveguide. We thus normalize the intensity fed into the system with the denominator in the above expression for ′( ) t y y , 1 2 , which allows us to compare the transmission in a broader frequency range.
